Geodesic motion in the space-time of cosmic strings interacting via magnetic fields 
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We study the geodesic motion of test particles in the space-time of two Abelian-Higgs strings 
interacting via their magnetic fields. These bound states of cosmic strings constitute a field theo- 
retical realization of p-q-strings which are predicted by inflationary models rooted in String Theory, 
e.g. brane inflation. In contrast to previously studied models describing p-q-strings our model pos- 
sesses a Bogomolnyi-Prasad-Sommerfield (BPS) limit. If cosmic strings exist it would be exciting 
to detect them by direct observation. We propose that this can be done by the observation of test 
particle motion in the space-time of these objects. In order to be able to make predictions we have 
to solve the field equations describing the configuration as well as the geodesic equation numerically. 
The geodesies can then be classified according to the test particle's energy, angular momentum and 
momentum along the string axis. We find that the interaction of two Abelian-Higgs strings can 
lead to the existence of bound orbits that would be absent without the interaction. We also discuss 
the minimal and maximal radius of orbits and comment on possible applications in the context of 
gravitational wave emission. 

PACS numbers: 11.27.+d, 98.80.Cq, 04.40.Nr 



I. INTRODUCTION 

Cosmic strings are topological defects that are pre- 
dicted to have formed via the Kibble mechanism [l[ dur- 
ing one of the phase transitions in the early universe and 
in the field theoretical description Q can be considered 
to be an example of a topological soliton. Due to the 
fact that these objects can be extremely heavy they were 
believed to be a possible source of the density perturba- 
tions that led to structure formation and the anisotropics 
in the cosmic microwave background (CMB) 0. How- 
ever, the detailed measurement of the CMB power spec- 
trum as obtained by COBE, BOOMERanG and WMAP 
showed that cosmic strings cannot be the main source for 
these anisotropics. However, in recent years it has been 
suggested that cosmic strings should generically form at 
the end of inflation in inflationary models resulting from 
String Theory [|| such as brane inflation Moreover, 
cosmic strings seem to be a generic prediction of super- 
symmetric hybrid inflation [6| and grand unified based 
inflationary models Q ■ Even though the origin of these 
cosmic superstrings is String theory, their properties can 
be investigated in the framework of field theoretical mod- 
els [8Hll|. The influence of gravity on field theoretical 
cosmic superstrings has been studied in [l2j . 

The field theoretical model typically used to study cos- 
mic (supcr)strings is the Abelian-Higgs model, which was 
shown to possess string- like solutions This model 
contains a complex scalar field minimally coupled to a 
U(l) gauge field. The symmetry breaking pattern of this 
model is U(l) — > 1 and is supposed to be a toy model for 
the formation of strings in Grand Unified Theories. The 
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gravitational field of an Abelian-Higgs string was also 
studied [l3|, [l4[ and it was shown that next to standard 
string solutions so-called "Melvin" solutions exist that 
possess a different asymptotic behaviour of the metric 
functions. 

The interaction of two Abelian-Higgs strings via their 
magnetic fields has been studied |15| . It was shown 
that bound states can form and that a new Bogomolnyi- 
Prasad-Sommerfield (BPS) bound [l6[ exists for partic- 
ular choices of the coupling constants in the model. 

Since cosmic (super) strings are a prediction of String 
Theory and Grand Unified Theories it would be excit- 
ing to detect these objects. There has been consider- 
able effort in numerically modeling cosmic string net- 
works to obtain CMB power and polarization spectra 
[T7I [l8j . Comparison with observations has shown that 
cosmic strings might well contribute considerably to the 
energy density of the universe. In this paper, we dis- 
cuss another possibility to detect cosmic strings namely 
through the motion of test bodies in such string space- 
times. As such light deflection, i.e. the motion of mass- 
less test particles in cosmic string space-times has been 
used to suggest cosmic string candidates [lj|. The test 
particle motion in different space-times containing cos- 
mic strings has been investigated in [2(il - |24l ]. while the 
complete set of orbits of test particles in the space-time 
of a black hole pierced by an infinitely thin cosmic string 
has been given for a Schwarzschild black hole in [25| and 
for a Kerr black hole in [26[. Moreover, the geodesic 
motion of test particles in field theoretical cosmic string 
space-times has been given for Abelian-Higgs strings in 
[27J and for cosmic superstrings in (28j . 

In this paper we are aiming at studying the motion 
of test particles in the space-time of two Abelian-Higgs 
strings that form bound states by interacting via their 
magnetic fields. Note that the form of interaction con- 
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sidcrcd here has been used in the description of new theo- 
retical models of the dark matter sector [2!| . The bound 
states of two Abclian-Higgs strings can be thought of as 
a field theoretical realization of cosmic superstrings, so- 
called p-q-strings. In the original field theoretical models 
the two strings interact via a potential term . How- 

ever, in these models there are no bound states that fulfill 
the BPS limit. This is different in our model, where a 
BPS state exists for certain values of the coupling con- 
stants fill ]. 

Our paper is organised as follows: in Section II we give 
the field theoretical model describing dark strings inter- 
acting with cosmic strings as well as the geodesic equa- 
tions describing test particle motion in the space-time of 
these strings. In Section III we present our numerical 
results and we conclude in Section IV. 



II. THE MODEL 



The non-vanishing components of the Ricci tensor i?^ 
then read 1131: 
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where the prime denotes the derivative with respect to p. 
For the matter and gauge fields, we have: 
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A^dx* = — (n - R(p))d<p 



B^dx^ = —{m~P(p))dip 
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The field theoretical model to describe the interaction 
of a dark string with a cosmic string reads (l5j 



S = 



(1) 



where R is the Ricci scalar and G is Newton's constant. 
The matter Lagrangian £ m is given by 



-H^H^ - u(0,O + -F^H^ (2) 



with the covariant derivatives D„ 



V M - ieiAfj,<f>, 



= V M £ - ie2B^ of the two complex scalar field <f> and £. 
The field strength tensors are = V ^Ay — Vj/A^ = 
dpA v — d v A/j,, = V M B„ — V„5 M = d^,B v — d^B^ 
of two U(l) gauge potential A^, B u with coupling con- 
stants ei and ei- V M denotes the gravitational covariant 
derivative. Finally, the potential V (</),£) reads: 
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where Ai and A2 are the self-couplings of the two scalar 
fields, rji and 772 are the vacuum expectation values of 
the scalar fields. The term proportional to a is the in- 
teraction term [2!|. We will assume that a > hence 
considering bound states of cosmic strings. 

In the following, we associate the dark string to the 
fields A^ and 0, while the cosmic strings are described by 
the fields Bfj, and £. The Higgs fields have masses Mh,i = 
V2AiT?j, while the gauge boson masses are M^, = &%r\i, 
i = 1,2. Note that the Lagrangian describes effectively 
two coupled Abelian-Higgs models. 

The most general static cylindrically symmetric line 
element invariant under boosts along the z-direction is 

ds 2 = N 2 dt 2 - dp 2 - L 2 dtp 2 - N 2 dz 2 , (4) 

where -/V and L are functions of p only. 



n and m are integers indexing the vorticity of the two 
Higgs fields around the z— axis. The magnetic fields as- 
sociated to the solution can be given when noting that 
the gauge part of the Lagrangian density can be rewritten 
as follows 1301: 
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with F^u = d^A v — d v A^ where A^ = A^ — aa^. 

The magnetic fields associated to the fields A^ and 
have only a component in z-direction. These components 
read: 

-P'(p) + 2R'(p) 
B z (p) = and 
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respectively. The corresponding magnetic fluxes J d 2 x B 
are 
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respectively. Obviously, these magnetic fluxes are not 
quantized for generic a and the two strings interact via 
their magnetic fields. 

Finally, the deficit angle S = iirGp, of the solution can 
be read off directly from the derivative of the metric func- 
tion L{p). For string-like solutions, the metric functions 
behave like N(p —> 00) — > c\ and L(p —> 00) —> c 2 p + C3, 
where c\, C2 and C3 are constants. The deficit angle is 
then given by: 



5 = 2tt(1 - L'\ p=00 ) = 2tt(1 - c 2 ) 



(11) 
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1. Equations of motion and boundary conditions 

We define the following dimensionless quantities 
P L 



L 



(12) 



such that p now measures the radial distance in units of 
M w ,i/V2. 

Then, the total Lagrangian C m — > C m /(r}fe\) depends 
only on the following dimensionless coupling constants 



for the matter fields and 

iV(0) = 1, N'(0) = 0, L(0) = , L'(0) = 1 (22) 

for the metric fields. The finiteness of the energy per unit 
length requires: 

/(oo) = 1, h(oo) = q , P(oo) = , R(oo) = . (23) 

A BPS limit exists [H| if / = h (q = 1) and P = R 

(n = m, g = 1) for 
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Varying the action with respect to the matter fields we 
obtain a system of five non-linear differential equations. 
The Eulcr-Lagrange equations for the matter field func- 
tions read: 
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In this limit the metric function N(p) = 1. while the 
remaining functions fulfill the BPS equations 
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A. The geodesic equation 
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while the Einstein equations are 
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where the prime now and in the following denotes the 
derivative with respect to p. The potential now reads: 



i(fM = ^(f-if + P i(h 2 - q 2 y 



(20) 



These equations have to be solved numerically subject 
to appropriate boundary conditions. We require the so- 
lution to be regular at p = which implies 



/(0) = , h(0) = , P(0) = to , R(0) 



(21) 



The Lagrangian C g describing geodesic motion of a test 
particle in the static cylindrically symmetric space-time 
(g|) reads 



dx» dx v 
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dr 



where e = 0, 1 for massless or massive test particles, re- 
spectively and r is an affine parameter that corresponds 
to the proper time for massive test particles moving on 
time-like geodesies. The space-time has three Killing vec- 



tors 



d d 



and 



-Q- t , g- aim -r^ which lead to the following constants 
of motion: the energy E, the angular momentum L z 
along the string axis (z-axis) and the momentum P z 

N{tf Tr =:E, L(p) 2 -£=:L Z , N( P ) 2 - =: P z . (28) 

Using the rescaling (fT2"|) the constants of motion must be 
rescaled according to E — > E/(e\-qi), P z — > P 2 /(ei??i), 
L 2 L z /(ei77i) 2 . We then find from ([27]) 
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The left hand side of (f30|) is always positive. Following 
[32^ we can then rewrite this equation as 



p = and if E 2 is greater than this value the particles 
can reach the string axis. Asymptotically the potential 



where 



£ + W + T 2 



(31) 



(32) 



is the effective potential and £ = E 2 . 

In the following, we would like to find i(p), f{p) and 
z(p). For this, we rewrite the geodesic equation in the 
form 
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The solution for each component can then be calcu- 
lated as a function of p by using numerical integration 
methods. 



III. NUMERICAL RESULTS 

The solutions to the equations ([14")) - (TK)]) are only 
known numerically. We have solved these equations using 
the ODE solver COLSYS [H]. The solutions have rela- 
tive errors on the order of 10 -9 — 10 -13 . The solution 
corresponds to two Abclian-Higgs strings interacting via 
their magnetic fields in curved space-time and has been 
studied in detail in [l5j|. In the following we will set 
g = q = 1 unless otherwise stated. The equations of mo- 
tion are integrated numerically in Fortran using the For- 
tran Subroutines for Mathematical Applications-IMSL 
MATH/LIBRARY. The accuracy of the integration as 
estimated from application of the method for the inte- 
gration of geodesies in Schwarzschild space-time is on the 
order of 10~ 5 . 



A. The effective potential 



It is clear from ([3"Tj) and (|3"2"j) that we need to require 
E 2 > V e g in order to find orbits. In addition the values 
of p for which E 2 = V e g correspond to the turning points 
of the motion. For L z ^ the effective potential tends 
to infinity for p — > 0. Physically this corresponds to 
an infinite potential barrier resulting from the angular 
momentum of the particle. As such the test particle can 
never reach the string axis p — for L z ^ 0. For L z = 
on the other hand, the potential has a finite value at 



tends to V e g(p — > 00) 
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Massless test particles 



In 35j it was shown that for a general cosmic string 
space-time with topology R 2 x £ massless test particles 
must move on geodesies that escape to infinity in both 
directions, i.e. bound orbits of massless te st p articles 
are not possible. The assumption made in [3511 is that 
S must have positive Gaussian curvature. In [27( and 
[2^ ] it was shown that in the space-time of Abelian-Higgs 
strings and cosmic superstrings, respectively, this is even 
true if £ has negative Gaussian curvature close to the 
string axis. In the Appendix we give a general proof that 
the effective potential cannot have local extrema in this 
case and hence bound orbits are not possible. We don't 
present any plots of the effective potential here since it is 
simply monotonically decreasing (for L z ^ 0) or constant 
(for L z = 0). 



2. Massive test particles 

In contrast to massless test particles we expect massive 
test particles to be able to move on bound orbits around 
the cosmic strings. That this is possible for finite width 
cosmic strings was shown in [2?], HH ■ We will demonstrate 
in the following that this is also possible in our model. 

Bound orbits possess two turning points and we need 
hence to require that the potential should not be mono- 
tonically decreasing 011 the full p interval, but have local 
extrema. Remembering that U > it is obvious from 
the form of the potential that solutions to dV e g /dp = 
exist only if TV' > 0. 

For a = the two Abelian-Higgs strings do not inter- 
act directly. As mentioned above, geodesic motion in the 
space-time of an Abclian-Higgs string has been studied 
in [2^ | and it was found that bound orbits of massive par- 
ticles are only possible if the Higgs boson mass is smaller 
than the gauge boson mass or equivalcntly if the scalar 
core of the string is larger than the core of the corre- 
sponding flux tube since in that case N' > 0. If the 
Higgs boson mass is equal (larger) than the gauge bo- 
son mass it was found that N' = (N' < 0). Hence 
the effective potential does not have local extrema and 
bound orbits are not possible. This changes if one couples 
the two Abclian-Higgs models via a potential interaction 
term (28j . In this present paper, the two sectors interact 
via the magnetic fields of the cosmic strings. In analogy 
to p8j we are hence first interested to see whether bound 
orbits exist also when the radii of the flux and scalar cores 
are equal, i.e. for /?i = p2 = 2. In FigQ]we show the ef- 
fective potential for massive test particles (e = 1) with 
n = m = 1, Pi = P2 = 2.0 and a = 0.001 for different 
values of the angular momentum L z with linear momcn- 



5 



turn P z = 4.0. For vanishing angular momentum (see 



Fig 1(a) | wc find that the angular momentum barrier at 
p = disappears and the particle moves from infinity to 
the string axis on a terminating escape orbit if £ is larger 
than the asymptotic value of the effective potential (A) or 
on a terminating orbit if £ is smaller than the asymptotic 
value (B), respectively (see also Table U for the classifica- 
tion of these orbits). For non- vanishing angular momen- 
tum we find that for some range of L z bound orbits exist. 
This can be seen in Fig 1(b) for L 2 = 1- 10~ 5 , where for £ 



smaller than the asymptotic value of the effective poten- 
tial only a bound orbit (D) exists, while for £ larger than 
the asymptotic value only an escape orbit (E) is present. 
Increasing L z further (Fig 1(c) for L z = 5 • 10~ 5 ) we find 
that an escape orbit and a bound orbit exist (C) for the 
same value of £ if this value is larger than the asymptotic 
value of the effective potential, but smaller than the local 
maximum. For £ larger than the local maximum, only 
an escape orbit is possible (E). 

The effective potential possesses local extrema such 
that for £ larger than the minimum of the potential 
and smaller than the maximum of the potential there are 
three turning points and bound orbits as well as es cape 
orbits exist. For larger values of L z (sec Fig 1(d) I the 
local extrema have disappeared and only escape orbits 
exist. Hence, we conclude that the interaction between 
the cosmic strings leads to the existence of bound orbits. 
We summarize possible types of orbits in Table |IJ 

Next we have investigated whether bound orbits also 
exist for /3\ or larger than 2. In Fig 2(a) we show 
the potential for /3i = (3-2 = 2.1 and a = 0.05. Clearly, 
the potential possesses local extrema and we can choose 
the energy such that up to three turning points exist and 
hence bound orbits are possible. 

For (3i < 2, /3 2 < 2 bound orbits exist already for a = 
[27j . For a^O and f3 x < 2, (3 2 < 2 the effective potential 
is shown in Fig |2(b)| In the following we are interested 
in seeing the influence of the angular momentum L z and 
the linear momentum P z on the form of the effective po- 
tential and consequently on the orbits. In Figj3]we show 
the effective potential for f}\ = (3% = 1.8, a — 0.001, 
n = m = 1 and different values of L z and P z . Again 
we observe that increasing the angular momentum from 
zero, the potential starts to form local extrema such that 
bound orbits can exist. This is shown for P 2 = 0.5 in 
Fig.s |3(a)fl3(c)1 and for P 2 = 125 in Fig.s |3(e)fl3(h)1 For 
angular momenta too large no bound orbits exist since 
the extr ema have disappeared (see Fig. |3(d)| for P 2 = 0.5 
and Fig 3(i) for P 2 = 125.). This is connected to the fact 



that the repulsive centrifugal force acting on these par- 
ticles is too large to be balanced by the attractive gravi- 
tational force. The extrema of the potential (|32|) depend 
only on L z . For constant L z and growing P z the quali- 
tative structure of the plot is not changing: the types of 
orbits are preserved and the graph is moving upwards. 

Next we have investigated how the windings influence 
our results. Here, we want to put the emphasize on 
two strings with opposite windings and hence oppositely 



orientated magnetic fields interacting with each other. 
Our results for the effective potential in the case n = 1, 
m = —1, /3i = fa = 0.2 and a ~ 0.001 are shown in FigJU 
To compare, we also plotted the potential for n = 1, 
m = 1, /3i = /3-2 = 0.2 and a = 0.001 and the same 
values of L z and P z in Fig pQb)] (cf. Fig |4(b)] ). There 
seems to be no qualitative difference between the plots 
for negative and positive windings, which can also be 
noted when plotting the corresponding orbits (see next 
Section). However, we expect that the winding would ef- 
fect the orbits of charged test particles. This assumption 
comes from the analogy with the motion of charged par- 
ticles in the field in charged Reissner-Nordstrom black- 
hole [3l| , where the cross- interaction between the electric 
and magnetic charges of the test particles and the grav- 
itating source tear the test particle from the equatorial 
plane and make it move on a cone. This is currently 
under investigation. 

To conclude we observe that cosmic strings interacting 
via their magnetic fields can capture test particles on 
bound orbits if the energy and angular momentum of 
the test particle is not too large. We also observe that 
increasing the value of a we have to increase the value of 
L 2 by the same order of magnitude to find bound orbits. 
E.g. for a — 0.01 we find that bound orbits exist for L 2 Z 
on the order of 10 -4 . 



B. Examples of orbits 

1. Massless test particles 

Example of orbits for massless test particles is pre- 
sented in Figf5] As expected there are no bound orbits. 
We observe that the test particle encircles the string be- 
fore moving off again to infinity. This is not possible in 
the case of infinitely thin cosmic strings and is due to the 
finite width of the core of the string. For E 2 = 4.01 and 
L 2 = 0.01 in the Fig.^ 5(a)|(b) the turning point of the 
motion is closer to the string axis as for E 2 =4.1 and 
L 2 = 2 in the Fig.^ 5(c)|(d) Hence the particle can inter- 
act stronger with the cosmic string via the curvature of 
space-time. 



2. Massive test particles 

We show the orbits corresponding to the potentials in 
FigfTJ in Fig.s [6][8] for different values of £ = E 2 . L et us 
first consider the case L 2 = 5 ■ 10 -5 (see Fig 1(c)). For 
E 2 = 5.000134 we have a bound and an escape orbit. 



These are shown in Fig.s |7(a)f |7(b)| and Fig.s |7(c)|7(d) 



respectively. We give the orbit projected onto the x-y- 
plane (Fig 7(a)| and Fig 7(c)[ ) as w ell as the orbit in 3 
dimensions (Fig |7(b)| and Fig |7(d)[ ). The bound orbit is 
nearly circular in the a;-y-plane. This is related to the 
fact that the energy value is close to the minimum of 
the potential. This bound orbit is hence close to a stable 
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L z 2 =0.00001, P z 2 =4.0 



5.0003 



5.0002 



J° 5.0001 



4.9999 
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5.0002 



J° 5.00015 



5.0001 



= 0.0, P z = 4.0 



L z 2 =0.00005, P 2 =4.0 



5.0003 



5.0002 



5.0001 




Lt = 1.0 • 10~ J , Pi = 4.0 



l_ z 2 =0.0005, P 2 =4.0 



(c) 
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Li = 5.0 ■ 10 , Pi = 4.0 



10 20 30 40 50 

P 

Li = 5.0 • 10~ 4 ,P, 2 = 4.0 



FIG. 1: We show the effective potential for n — m — 1, /9i = 02 — 2.0, a — 0.001, g = 1.0, q = 1.0, P z — 4 and different values of the angular 
momentum L z . The red horizontal lines A-E indicate the type of orbits possible. See also Tablc^ 
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(a) Li = 10 , P; = 2.5, /Si = 02 = 2.1, a = 0.05 (b) L 2 Z = 5 ■ 10 , P 2 2 = 4.0, /3i = p 2 = 0.2, a = 0.001 



FIG. 2: We show the effective potential for n — m — 1, g — 1.0, q — 1.0 and different values of /3i — 02, a and P z , L z 



circular orbit. On the escape orbit, the particles encircles 
the string before moving off again to infinity. 

Increasing the energy, we find that the bound orbit 
moves away from circularity stronger and stronger and 
starts to develop a large perihelion shift. This is seen 
in Fig.s 7(a)| - |7(b)| where we show a bound for E 2 = 
5.000146. For the same value of E 2 an escape orbit exists. 



This is given in Fig.s 7(c)||7(d) Qualitatively, the escape 
orbit looks similar to the one for smaller energy, however, 
we observe that the test particle comes closer to the string 



Increasing the value of E 2 beyond the value of the max- 
imum of the effective potential we find that only escape 
orbits exist and no bound orbits exist. This is seen in 
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A U 


terminating escape orbit 


a i * 


* terminating orbit 


a 3 • 


* 8 bound and escape orbits 


L> 2 • 


* bound orbit 


El • 


' escape orbit 



TABLE I: Types of orbits possible for massive test particles moving in the space-time of cosmic strings interacting via their magnetic fields 



L/=0.0, P, =0.5 



L 2 =0. 00005 1/2 , P 2 =0.5 



L, =0.00005, P. =0.5 



(a) 
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FIG. 3: We show the effective potential for n = m = 1, /3i = /3 2 = 1.8, a = 0.001, q = 1.0, q = 1.0 



Fig|8]whcre we show the escape orbit for i? 2 = 5.000147. 
We observe that an increase in energy leads to a stronger 
interaction of the particle with the string in the sense that 
it encircles the string more often before moving away to 
infinity again. 

As already mentioned in the discussion on the effec- 
tive potential bound orbits are not possible for a = 
and Pi > 2, (3 2 > 2 (27j. In the example just discussed, 
we have seen that bound orbits are possible for a > for 
Pi = /?2 = 2. In the following, we will show examples of 
orbits for fii = $2 > 2. For this, we choose L\ = 10~ 4 , 



Pi = 2.5, fa = /? 2 = 2.1 and a = 05. This corresponds 
to the potential shown in Fig |2(a)| For E 2 = 3.500353 
we find that a bound and an escape orbit exist. The 



bound orbit is shown in Fig.s 9(a)||9(b)| while the escape 
orbits is given in Fig.s 9(c) |9(d)f On the bound orbit, 
the test particle moves nearly on a circular orbit, how- 
ever this orbit possesses an additional loop that touches 
the string core. On the escape orbit, the test particle 
encircles again the string and moves back to infinity on 
a path nearly parallel to the path that the particle origi- 
nally came from. From far this hence looks as if the test 
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FIG. 4: We show the effective potential for n — 1, m — — 1, /3i — /?2 — 0.2, a — 0.001, 3 — 1.0, g — 1.0 and different values of L z and P z 



particle would be reflected by the string with angle ~ ir. 
Increasing the energy only escape orbits exist. This is 
shown for E 2 = 3.500354 in FigOU The test particle 
encircles the string more often before moving again to 
infinity as compared to the case with smaller energy. 

Finally, let us also discuss the case for /?i < 2 and 
/?2 < 2. In this case, bound orbits are already possi- 
ble for a — \27\. Here, we will choose much larger 
values for E 2 , L 2 and P 2 in order to show the influ- 
ence of these parameters. We choose f3\ = 02 = 1-8, 
n = m = 1, a = 0.001 and P 2 = 125, L z = 0.05. The 
corresponding potential is shown in Fi g |3(h)1 The orbits 
for E 2 = 126.013 are shown in FigfTTJ In this case both 
a bound and an escape orbit exist. The bound orbit is 
shown i n Fig.s|ll(a)|ll(b) while the escape orbit is given 
in Fig.s ll(c)pTJd) The bound orbit possesses a perihe- 
lion shift and moves partially within the string core, i.e. 
interacts directly with the region of space-time in which 
the matter fields have not yet reached their vacuum val- 
ues. Moreover on the escape orbit the trajectory forms 
two closed loops, one close to the core of the string, one 
further out. Increasing the energy, only escape orbits ex 
ist. This is shown for E 2 = 126.0133 in Fig.s|12(a)p2(b) 



As for the cases discussed above, the increase in energy 
leads to a stronger interaction of the test particle with 
the string and it encircles the string more often before 
moving again to infinity. 
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FIG. 6: We show a bound orbit in the x-y-planc (a) and in the 3-d (b), respectively, as well as an escape orbit in the a;-y-plane (c) and in 3-d (d), 
respectively of a massive test particle (e — 1) with E 2 — 5.000134, h\ — 5 ■ 10 -5 and P 2 — 4 in the space-time of two Abelian-Higgs 
strings interacting via their magnetic fields with n — 1, m — 1, (5\ — 2.0, 02 — 2.0, a — 0.001, g — 1.0, q — 1.0 . The dashed circle and grey 

cylinder, respectively indicate the string core. 
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FIG. 7: We show a bound orbit in the :c-y-planc (a) and in the 3-d (b), respectively, as well as an escape orbit in the a;-y-plane (c) and in 3-d (d), 
respectively of a massive test particle (e — 1) with E 2 — 5.000146, L 2 — 5 ■ 10 -5 and P 2 — 4 in the space-time of two Abelian-Higgs 
strings interacting via their magnetic fields with n — 1, m — 1, 0\ — 2.0, 02 — 2.0, a — 0.001, g — 1.0, q — 1.0 . The dashed circle and grey 

cylinder, respectively indicate the string core. 
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FIG. 8: Wc show an escape orbit in the a>y-planc (a) and in 3-d (b), respectively of a massive test particle (e = 1) with E 2 = 5.000147, 
L 2 — 5 ■ 10 _J and P 2 — 4 in the space-time of two Abclian-Higgs strings interacting via their magnetic fields with 
n — 1, m — 1, fl\ — 2.0, ^2 — 2.0, a — 0.001, g — 1.0, q — 1.0 . The dashed circle and grey cylinder, respectively indicate the string core. 
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FIG. 9: Wc show a bound orbit in the x-y-pl&nc (a) and in the 3-d (b), respectively, as well as an escape orbit in the a;-y-plane (c) and in 3-d (d), 
respectively of a massive test particle (e = 1) with E 2 = 3.500353, L\ = 10~ 4 and = 2.5 in the space-time of two Abclian-Higgs 
strings interacting via their magnetic fields with n = 1, m = 1, fi\ — $2 — 2.1, a — 0.05, g — 1.0, q — 1.0. The dashed circle and grey 

cylinder, respectively indicate the string core. 
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FIG. 10: We show an escape orbit in the x-y-plane (a) and in 3-d (b), respectively of a massive test particle (e = 1) with E 2 = 3.500354, 
L 2 — 10 -4 and P 2 — 2.5 in the space-time of two Abclian-Higgs strings interacting via their magnetic fields with 
n — m — 1, /3i — p2 — 2.1, a — 0.05, g — 1.0, q — 1.0. The dashed circle and grey cylinder, respectively indicate the string core. 
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FIG. 11: We show a bound orbit in the x-y-plane (a) and in the 3-d (b), respectively, as well as an escape orbit in the x-y-plane (c) and in 3-d 
(d), respectively of a massive test particle (e — 1) with E 2 — 5.000147, L z — 0.05 and P 2 — 125 in the space-time of two Abclian-Higgs 
strings interacting via their magnetic fields with n = m = 1, fi\ = $2 = 1-8, a — 0.001, g — 1.0, q — 1.0. The dashed circle and grey 

cylinder, respectively indicate the string core. 



10 




FIG. 12: Wc show an escape orbit in the x-y-plane (a) and in 3-d (b), respectively of a massive test particle (e = 1) with E 2 = 5.000147, 
L z — 0.05 and P 2 — 125 in the space-time of two Abelian-Higgs strings interacting via their magnetic fields with 
n = m = 1, $\ = 02 = 1-8, a — 0.001, g — 1.0, q — 1.0. The dashed circle and grey cylinder, respectively indicate the string core. 




FIG. 13: We show a bound orbit in the a:-y-plane (a) and in 3-d (b), respectively of a massive test particle (e = 1) with E 2 = 5.01, L 2 = 0.0005 
and P 2 — 4 in the space-time of two Abelian-Higgs strings interacting via their magnetic fields with 
n — 1, m — —1, /3i — 02 — 0.2, ol — 0.001, g — 1.0, q — 1.0. The dashed circle and grey cylinder, respectively indicate the string core . 



17 




FIG. 14: We show a bound orbit in the x-y-plane (a) and in 3-d (b), respectively of a massive test particle (e — 1) with E 2 — 5.05, L 2 z — 0.0005 
and P 2 — 4 in the space-time of two Abclian-Higgs strings interacting via their magnetic fields with 
n — 1, m — —1, j3\ — (5-2 — 0.2, a — 0.001, g — 1.0, q — 1.0. The dashed circle and grey cylinder, respectively indicate the string core . 
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Since the case of negative windings has not been dis- 
cussed in the literature yet, we also consider this here. 
As mentioned above, the effective potential looks quali- 
tatively similar when letting n or to be negative. 

In FigfTSTFigfTBl we show the orbits of test particles 
with L 2 Z = 0.0005, P 2 = 4 and different values of E 2 in 
the space-time of two Abelian-Higgs strings with n = 1 , 
to = — 1 j3i = fa = 0.2 and a = 0.001. For small ener- 
gies (here E 2 = 5.01) we find that the bound orbit lies 
completely inside the core of the string (see Fig[l3] and 
Fig 03]). Considering more than one particle this would 
correspond to a flux of test particles inside the string 
core. The maximal radius of the bound orbit increases 
with increasing E such that for sufficiently large E the 
particle moves mainly in the vacuum exterior region of 
the string. This is clearly see in Fig fl5(a)1 and Fig fl5(b)1 
for E 2 = 5.13385. Moreover, the increase in energy has 
also an effect on the escape orbits. While for small en- 



ergy the particle encircles the string (see Fig 15(c) and 



Fig 15(d) ) it simply gets deflected by the string for higher 
values of E (see Fig fT6)l . 

In order to strengthen the claim that the signature of 
the windings doesn't have an influence on the qualitative 
behaviour of the particles, we plot the bound orbit for 
L 2 = 0.0005, P 2 = 4, E 2 = 5.01 in the space-time of two 
Abelian-Higgs strings with n = 1, to = 1 fi\ — = 0.2 
and a = 0.001 in Fig.s 17(a)[[T7(b)| Comparing this with 
FigHS] we find that the direction of the magnetic flux 
(which is given by the choice of signature of the wind- 
ings) doesn't influence the motion strongly. The only 
difference is that the perihelion shift seems to be smaller 
for both windings positive. 



C. Observables 

The perihelion shift and light deflection of massive and 
massless test particles, respectively, has been studied in 
the space-time of field theoretical cosmic string solutions 
previously [13, [28|. Since our model is similar, we believe 
that the qualitative results for these two observables will 
be comparable. In this present paper, we hence concen- 
trate on the computation of the minimal radius of escape 
orbits of massless test particles as well as the minimal and 
maximal radius of bound orbits. The former has applica- 
tion in the detection of cosmic strings by light deflection, 
while in the latter we argue that the radii of bound orbits 
are on the order of the inverse gauge boson mass. 

The first thing to note is that the minimal and max- 
imal radius of the bound orbits are close to unity (in 
rcscalcd variables) (see e.g. Fig 6(a)). Reinstalling units, 
we find that the minimal and maximal radius, respec- 



tively are on the order of the inverse gauge boson mass 
Mw,i = ei77i. If we assume that M\y,i > lOOGeV we find 
that one unit of rescaled p corresponds to length scales 
of < 10 _18 to. Hence, the orbits have extremely small 
extend and are thus not interesting for applications in 
the context of motion of massive objects such as planets 



in the solar system or beyond. However, the fact that 
cosmic strings can trap massive test particles that move 
close to or inside their core might have interesting cos- 
mological applications (see discussion below). 

Massless test particles such as photons can only move 
on escape orbits, i.e. they get deflected by the string. 
While the cosmic strings have very small width in com- 
parison to their lengths and one would at first think that 
only the global deficit angle governs the deflection of 
light, it was shown already in [23, HH that the microscop- 
ical structure of the field configuration has an influence 
on the observables. It was e.g. found that massless par- 
ticles do not simply get deflected by the string, but can 
encircle it before moving off again to infinity. This docs 
not happen for infinitely thin cosmic strings. In Fig |l8(bJ| 
we show the radius of closest approach r m i n of a massless 
test particle moving on an escape orbit in dependence 
on the interaction parameter a. The radius of closest 
approach is again on the order of unity in rescaled vari- 
ables, i.e. corresponds to length scales of approximately 
10~ 18 m. We observe that the smaller a the smaller is 
fmin, i-G. the deeper the test particle can penetrate into 
the string core. 

The question is then whether there are any cosmolog- 
ical or astrophysical phenomena observable from these 
interactions of massive and massless test particles with 
cosmic strings. As mentioned above, the most obvious 
observation that has already been discussed extensively 
before is the deflection of light. Here we want to point 
out that the motion of massive and massless test particles 
can lead to the emission of radiation, in particular gravi- 
tational radiation 0. The emission of scalar, electromag- 
netic and gravitational radiation, respectively from test 
particles moving in the space-time of an infinitely thin 
cosmic string was first discussed in fijtj . It was found 
that the emitted gravitational radiation power Pgw of a 
non-relativistic point particle moving in the space-time 
of an infinitely thin cosmic string is given by 



a( nr ) _ 
GW — 



£ GW 8Tr/(5r min )GM 2 f3 2 (v/c) 



tu 



(36) 



where £qw is the emitted energy, t intc[ the interaction 
time of the particle with the string, M the mass of the 
test particle and v its velocity. Finally (3 = AGfi/c 2 
with [i the energy per unit length of the string. Now 
assuming that we have a massive test particle moving 
on a nearly circular orbit with radius r m j n and hence 
Winter ~ 27rr m i n /u for one revolution of the particle around 
the string, we find the emitted power per revolution: 



p( nr ) _ 



5r 2 



-GM 



(37) 



and P, 



(nr) 



GW 



-P<3W • N, where N e N is the number of 



revolutions around the string. 



1 We thank Patrick Peter for pointing this out. 
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FIG. 15: We show a bound orbit in the :E-y-plane (a) and in the 3-d (b), respectively, as well as an escape orbit in the a>y-plane (c) and in 3-d (d), 
respectively of a massive test particle (e = 1) with L\ = 0.0005 and = 4 in the sp ace-time of two Abelian-Higgs strings interacting 
via their magnetic fields with n — 1, m — —1, /3i — /?2 — 0.2, a — 0.001, g — 1.0, q — 1.0. For the bound orbit we have E 2 — 5.13385 and 
for the escape orbit E 2 — 5.13386, respectively. The dashed circle and grey cylinder, respectively indicate the string core. 




Now assuming that j3 ~ 10 6 and r min « 10 18 m we 
find 

For non-rclativistic point-like, i.e. elementary particle 
this number is quite small, however, since the particle 
moves on a bound orbit it will encircle the string many 
times and hence the emitted gravitational radiation can 
become significant if N becomes very large. 

In [36j ] the formula for a relativistic point particle was 
also given. This reads 

(r) _ 27^/(32r min )GMW 

^intcr 

— 1/2 

with the Lorentz factor 7 = (l — (v/c) 2 ) . Again 
assuming the particle to move on a bound orbit we find 



the emitted power per revolution to be 

Considering e.g. an electron with M e i e ctron ~ 10 kg 
moving close to the speed of light, i.e. d<cwc find that 

Jew w W- 40 ~f 3 Watt . (41) 

7 should be very large to have a significant effect here, 
however, since the particle is moving in a bound orbit 
around the string, the total emitted power could be quite 
large. 
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FIG. 16: Wc show an escape orbit in the cc-y-plane (a) and in 3-d (b), respectively of a massive test particle (e — 1) with E 2 — 5.14, L 2 — 0.0005 
and P 2 — 4 in the space-time of two Abelian-Higgs strings interacting via their magnetic fields with 
n — 1, m — —1, 0\ — 02 — 0.2. a — 0.001, g — 1.0, q — 1.0. The dashed circle and grey cylinder, respectively indicate the string core. 




FIG. 17: We show a bound orbit in the :c-y-plane (a) and in 3-d (b), respectively of a massive test particle (e = 1) with E 2 = 5.01, L 2 = 0.0005 
and P 2 — 4 in the space-time of two Abelian-Higgs strings interacting via their magnetic fields with 
n — m = 1, 0i = 02 = 0.2, a — 0.001, g — 1.0, q — 1.0. The dashed circle and grey cylinder, respectively indicate the string core. 



IV. CONCLUSIONS 

Since the advent of inflationary models rooted in String 
Theory such as brane inflation it has been suggested that 
cosmic strings are indeed a "by-produced" of inflation 
and should hence exist in the universe. While the pres- 
ence of cosmic strings in our universe would show up 
in the CMB data (power and polarization spectrum) it 
would be very exciting indeed to observe these objects 
directly. Since the width of these topological defects is 
much smaller than their extension it is often assumed 
that they are effectively 1-dimensional. Consequently, 
the Nambu-Goto action can be used to describe these 



objects in a so-called "macroscopic description". The 
advantage is that calculations related to the dynamics of 
these objects are feasible, however one doesn't get inside 
into the underlying field theoretical models. Using the 
latter in the so-called "microscopic description" however 
has the disadvantage that even for the simplest models 
the solutions have to be constructed numerically. There 
have been claims that certain gravitational lensing ef- 
fects might be due to cosmic strings This however 
turned out to be simply a pair of nearly-identical objects 
and as such cosmic strings are as yet to be detected. We 
suggest in this paper that this can be done by the obser- 
vation of the motion of massive test particles close to the 
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FIG. 18: Wc show the minimal radius of an escape orbit of a masslcss test particle (left) as well as the minimal and maximal radius of a bound 

orbit of a massive test particle (right). 



string core or by the observation of gravitational lensing, 
i.e. the motion of massless particles in the gravitational 
field of a cosmic string. While in the microscopic de- 
scription of cosmic strings the space-time is locally flat 
with a global deficit angle and hence geodesies are just 
straight lines, this is different for the microscopic descrip- 
tion. In that case, bound orbits of massive test particles 
are possible [13, [28|. This is also what wc show here. 
The cosmic strings interact via their magnetic fields and 
we show that the attractive interaction allows for bound 
orbits that are not possible without the interaction. This 
was also observed in [28| . Our model has the new feature 
that the bound states have a BPS limit in which they 
satisfy an equality between their energy per unit lengths 
and their winding numbers. BPS states of interacting 
cosmic strings arc of great interest with respect to the 
original supcrsymmctric p-q-strings appearing in String 
Theory 

Since our test particles are point-like, i.e. have no 
internal structure they interact solely with the gravita- 
tional field (and hence move on geodesies). It would be 
interesting to see what would happen to charged particles 
or particles with spin. Certainly there will be an effect 
related to the interaction with the magnetic field along 
the cosmic string axis. One might consider to compute 
the electromagnetic and gravitational radiation from this 
which would put strong constraints on the energy per 
unit length of the cosmic strings. This is currently under 
investigation. 



ity. BH would like to thank F. Michel for bringing refer- 
ence [36| to her attention. 



Appendix A: No bound orbits for massless test 
particles 

In [3l| it was shown that in a general cosmic string 
space-time with topology K 2 xE bound orbits of massless 
test particles cannot exist. The assumption used in the 
proof is that £ has positive Gaussian curvature. How- 
ever, it was shown in [27| that in the space-time of an 
Abclian-Higgs string S can have negative Gaussian cur- 
vature close to the string axis and hence the theorem does 
not apply there. Here we show that for our model bound 
orbits of massless test particles are indeed not possible. 
In order to have bound orbits we need (at least) two turn- 
ing points with dp/dr = 0. Since the effective potential 
V e s(p = 0) = +ooforL z ^0 (wc will discuss the case 
L z — separately) and V B g(p — > oo) — > c\e + P 2 < +oo, 
we need to require that 14ft has local extrema in order 
to be able to find (at least) two turning points. Hence 
dV e ff/dp = for some p — po ^ 0. For e = and L 2 ^ 
this leads to 



LNN'=N 2 L' 



(Al) 



Taking the derivative and using (|T8|) and (|T9| wc find for 
p^O 
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{ P' \ 2 i 

2h 2 P 2 + 2R 2 f 2 + R'\ +R' 2 + -(l-a)R'P'=0 . 

\9 J 9 

(A2) 

Now, since R' < 0, P' < (both functions monotoni- 
cally decrease for n, m at p = to zero at infinity, see 
flTgJ) , (|T7|) ) we find that for < a < 1 (|A2j) can never 
be fulfilled. For e = and L 2 = the potential is con- 
stant Vcs(p) = Pg. Hence the potential cannot have local 



22 



cxtrcma and we conclude that bound orbits of masslcss 
test particles are not possible. Note that our model in- 
cludes also the case of ordinary Abelian-Higgs strings (for 
a = 0) that was previously studied in [27j as well as the 
case of Abelian-Higgs strings interacting via their poten- 



tial that has been considered in [28[. The latter applies 
because the field potential ([20]) drops out when combin- 
ing ([18]) and ([!§)) , Hence, even if direct interaction terms 
between the scalar fields would be considered in the po- 
tential they wouldn't effect the argument above. 
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